Calculus 1100a Midterm Exam and Solutions
A1 [2 marks | Evaluate Ine*n?

A 9 [B: g [rciam? pr e+ [E:

AnsSwer Ine?h? = In[ (¢2)* ] = 3In(e") = 31n2

A2 [2 marks | Evaluate log,12 + log,6 — 3log,2

A: 8 |B; 12| |C: 9 IB:O HE: 2

ANnswer 3log;2 = log;(2°) = log;(8)
= log,12 + log,6 — 3log,2 = log,12 + log;6 - log,8 = 10g3( (12;(6) )
= log,(9) = log,(3%) = 2

A3 [2 marks ] Find the exact value of arcsin(-7 )

A -1 B:—% c: 1| #b:-% | [E: -

wa

Answer sin"! (-1) =y = siny = -5 where-£ <y <0

=
= y=-%

A4 [2 marks | Find the exact value of cos[sin™ ()]

AA: 3+ lB:% c:-3| b -% E

Answer Consider the triangle 4 Then

sin(@) = + = sin"'($) =0

= cos[sin™ (4)] = cosf =

A5 [2 marks ] Find the exact value of tan[ tan™ (4 ) ]



R RER

Answer tan(tan~'x) = x for all x (cancellation law) = tan[tan'(3)] =2

A6 [ 2 marks ] Find the exact value of tan™![tan(32 ) ]

A:—{f‘— B: & #C: -Z| D: -3 E: 1

4 T
Answer: Given any x then to determine tan~!(x) we need to find -——— < 8 < — so
2 2
b4 T
that tan(@) = x. Thus to determine tan™![ tan( 3£ ) ] we want to find -—— < § < —— s0
2 2

that tan(9) = tan(3%) Since tan is periodic of period = it follows that tan(32 ) = tan(~%)
and, hence 6 = —Z- is the answer.

A7 [ 2 marks ] Find the exact value of cos™'[sin(£ ) ]

A & |B: —-&| ®C: L D -% IE:%

Answer Consider the triangle 3

1

We have sin(%) = 4 and cos(%) = +. Thus cos™ sin(%) = cos“(%) = L

A8 [2 marks | Find a formula for the inverse - (x) of the function f{x) = 2+,

2 (Inx)-1 2 {Inx)+l 1=lnx
A 1-Inx #B 2 IC I+inx D 2 E 2

Answer:y = ¢! = Iny = 2x +1
(Iny) -1
2

= X



A9 [2marks] tan[ 2005 (£} | - ?

— 1 -
A Bl B-Alle L p 4

Answer: cos‘l(-—‘?—) == 2cosﬁ‘(%) = 2(%) =z
= tan[Zcos‘l(-‘/zi)] = tan(—Q‘—) =3

Consider the four graphs below. For each of the following four functions choose the letter
which labels its graph. Be sure to transfer each of your answers to the scantron shest.

o

L
2

A10 [2marks | Thegraphof y = > s D
A11[2marks] The graphof y = ¢ is B
A12 [2marks ] Thegraphof y =tan"'(x) is 4

A13[2marks | Thegraphof y = e s C



Al4 [2 marks ] Determine lim ————
x-=5 Pk-5

H#HA oo B [C-1| D L] [E ¢

2 2

Answer: iim Rk-5/=0= lm ——==0o
x5 x-5 |x—5|

A15[2 marks | Determine  lim

A o [B: —d [C o #D: 4 E 4




x2-4 (x—2)(x+2)
Answer: lim ——— = lim = lim (x+2)=4

x -2 x—2 x—-2 (x—-2) x—=2

A16 [2 marks | Determine lim  sin(tan™'x)

X — D0

. _ 1 -
#A.lBlCﬁDooE.ao

Answer: lim tan'x=Z = [lim sin(tan'x) = sin(%) =1

X — 0 X — w

A17 [2 marks | Determine  lim  In(tanx)

x — 0f

A ol B1|lc-1] D o HE

Answer: lim tanx=0= lim In(tanx) = —o

x — 0 x— 0

I8+ Tx0 +3xF 4+ 1

A18[2 marks] Determine lim
X -» o0 Ox® + 5x* + 2x

A: «| [B:i-o| [C:0 #D: +| [E: 4

Answer:

(3x® + 7x6 4+ 3x% + 1)
(3 + 7/x +3/x° + 1/x?)

lim = lim
X —= 00 1 X > 0 (9+5/x4+2/x7)
(9x® + 5x% + 2x)




3x2~5
A19 [2 marks | Determine  lim

2x =3
X — o
A: o [B: o [C:0| |D: 5| wE: £
Answer:
1
( 3x2 —5) S
3x2 -5 x J3 = 1/x2
Hm —_ = lim = lim
2x—3 X —» 00 1 X — o0 2—3/x
e x-3) —
X
x+ 8x2
A20 [2 marks] Determine lim
xoe gl 9y ]
A: o [B: o #C:2| [D: vB| E: L
1
(x + 8x?)
x? (1/x) + 8
Answer:lim = lim = lim
O X0 1 X—+0 2.1 /xz
(2x%2-1)
x2

A21[2 marks | Determine lim 3%

X — —o

A: 0| #B: 1| |C: -1| [D: 2| |[E: Does Not Exist

Answer:  lim 3 - lim 3' =1

X —> —00 t— 0-

|x + 4]
A22 [2 marks | Determine lim —_—

x+4
x — (-4)*



#A: 1] B: —-1| [C: « |D: —00 IE: Does Not Exist

b+ 4 x+4
Answer: lim |= lim = lim 1=1

x— (-4t x4 x— (-4 x+d x o (-4)
A23 [ 2 marks | Determine  lim  sin(1/x).

X — 0

#A: 0| [B:oo| [C: 0| [D: 1] [E: Does Not Exist

Answer: lim sin(l/x)=  lim  sin(f) =0

X — 0 t — 0

A24 [2 marks | Determine  lim  tan™(-x?).

X — —00

A: x| [B:w| [c:—o| #D:-%| [E: Does Not Exist

Answer: let t = —x?
X ¥ =00 :>x2—>00-=>t~:~-—x2—>—oo
Hence lim  tan'(—x?)= lim  tan™'(¢) = -%/2

X — —00 { - —00

A25 [2 marks] If Alx) = In(arcsinx), find / (x)

1 -1 1 1

A ——| |B: C: #D:
arcsinx arcsinx (1 +x?)arcsinx (‘/1 —x2 ) arcsinx

(W)al

Answer: fix) = In(sin"'x) = In(y) wherey = sin"'x

1 4 1 1
=r' @ —— -

y dx sin”"x 1 —x?

A26 [ 2 marks | Find [tan~!(x2)]

dx



2x 2x 1
HA B 2xcos!(x?)| |C cos7!(x?) D E -
1+ x* 1 - x* 1+x*
Answer: f{x) = tan~'(x?) = tan"'(y) where y = x*
! 1 dy 1
=/ )= = (2x)
14+y%  dx 1+ x4
A27 [2 marks ] Find (sin"'x)?
dx
n 2(sin"'x)
A: 2(sin"'x)cscxcotx] [B: -2(sin”'x)” | [C:2(sin"'x)
1—x?

Answer: fix) = (sin"'x)? = y2 where y = sin"'x

—f @-2

= 2sin"'x

dx

|

1-x2

E: 2(sin'x)(cos™'x)

A28 [2 marks | Suppose F(x) = flg(x)) and f2) = 0, f / (2)=3,f / (7) =6, g(2) = 7,

g / (2)=4 andg I (7y=9. FindF! (2).

A. O

B 18

p: 42

C: 21

HE: 24

ANSWEr:F(x) = flgte) = F ' (@) =/ (e@)g = (@

A29 [ 2 marks ] Suppose fix) =3

—F @=f @@ @-= [f’ (7)}(4>= (6)(4) = 24

A 3

tan~! (x)

Answer: fix) =3

In(3)3

tan~! (x)

Lx?

tan~!(x
(x) ;

) eng s )
tan~'(x)
-1
B: - C m@3); B ™
tan~! (x)

= 3¥ wherey = tan™!(x)



=7 ()= (n3)» enlG) (L

= (In3)3
dx 1+x

sin(3x)
A30[2 marks] Determine lim  =—-———
4x

x—0

A 1 #B: 2 |C: 3| |D: % E: Does not Exist

Answer: Can use L'Hospital's Rule

sin(3x) 3cos(3x) 3(1) 3
lim —————— = lim = =
4x 4 4 4
x—0 x—0
tan(3x)
A31[2marks | Determine lim ———
sin(2x)

X —

HA -g— B: L| |C: 3| D: 1] [E:Does not Exist

Answer: Can use L'Hospital's Rule

3sec?(3x) 3(1)2 3

tan(3x) @ .
— =  lim = =

lim
sin(2x) 2cos(2x) 2(1) 2
x— 0 x— 0

A32 [ 2 marks ] Determine [sin™! (cos(x))].

dx

A1l B 2 [codpp -1 =

1-cos?x

Answer: flx) = sin"(cos(x)) = sin"!(y) wherey = cos(x)

1 dy 1

!
=f )= =| ~— |(-sinx)
1-y? dx J1—cos?x
1 —sinx
= | —— [(-sinx) = =-1

Jsin2 x sinx



dy
A33[2marks ] Ify = 2" evaluate —— atx=e
dx

2In2 . eln? . . In .
ia 202 | B eb2| o e | b Bzl |E:2

Answer: fix) = 2 = 2 where y = Inx

! d 1
=f ()= (n2)2

= (In2)2s
X
' 1 2In2
= f (&) = (In2)2Me = (observe Ine = 1)
[ e

A34 [2 marks] Letfx) = In(e* +1). Find f’ (0)

A In2l B Ll ICc I D - E -1

L
2 2

Answer: fx) = In(e*+1) = Iny wherey = ¢* + 1

! 1 dy 1
=/ &)= = e
y  dx e¥+1
/ e 1
=f (0)= =
e’ +1 2

A35 [2 marks] Which of the following is an antiderivative of fix) = 5x(2 - J/x)
A 10x32 — x572 |B 10x2 - 2x%2 | #HC 5x2-2x%2| D 5x% — 2x%? lE 5x - 2x¥?

Answer: We have fix) = 5x(2 - /x )} = 10x - 5x%2. Hence the antiderivatives of f(x) are

xZ x5/2 2
F(x) = 10 -5 +C =5~ —(5x")+ C =5 -2x2+ C
2 5/2 5
f
sinx
forx <0
B1[6 marks ] Consider the function given by fix) = < *

x2+1 for0<x<2
x+5 forx>2




State the value of the indicated limit, if it exists, in the space provided. If a limit does nof
exist write DNE.

(@) lim fx)= 1

x— 0*
(b} lim flx)= 1

x— 0
{c) lim Ax)= 1

x—0
(d)y lim fix)= 7

x — 2%
(e) lim flx)= 13

X — 27
®  lim A= DNE

x— 2

(8+h)'"7 -2
B2 [4 marks | The limit lim is the derivative of some function / at some
70 A

number a. Then

fx) = ?

Answer: Since the definition of the derivative can be stated as

! Aa+h)-Ra) 8+m)"-2
f (a)= lim it follows that lim is the derivative for
h h-0 h

h—0
the case



_ dy o  cos’x
B3 [5 marks] Find ify=tan"'| e DO NOT SIMPLIFY YOUR ANSWER..

dx
[ ]
dy 1 2
Answer: = l:e o8 :|[2cosx][— sinx]
dx 2
( cos?x )
I1+{ e
dy cos(2x)

B4[5 marks ] Find

as afunctionof xify = (/x)
dx

cos{x)

Answer: Applying In to both sides of y = (/%) one obtains

2x)1
Iny = ln((ﬁ) cos(2x) ) = cos(2x)In(Jx) = COS(Zx)ln(x 12 ) = cos(2x) In()

2
cos(2x) In(x)
Differentiating the equation y = , one obtains
2
1 1 1 cos(2x)
—y' = —— | —2sin(2x)In(x) + cos(2x)| — = ———— —sin(2x) In(x)
y 2 X 2x
N o cos(2x) .
Cross multiplying and substituting y = (/x) , one obtains

y' = ((ﬁ) cos(2x) ) —fo—sui — 8in(2x) In(x)
2x

B5 [ 6 marks | (a) Suppose the function y = f(x) satisfies the equation cos(x - y) = xy .



dy

Determine as an expression in x and y.

dx
(b) Find the equation of the tangent line to the curve cos(x —y) = xy at the point (%,0).

Answer: (a) Applying implicit differentiation to the above equation one has:
[-sin(x ~ )1 -y") =y + 5
This can be rewritten as
sin(x — y)y' —xp' = y+sin(x —y)
and hence as
(sin(x — y) — x)}y' = y + sin(x ~ y)
Thus we have

¥+ sin(x — y)
y' =
sin{(x —y) —x
0+ sin(%) 1
(b} Ifx= 2 and y =0onehas y' = = . Hence the equation for
n(£)-5 -4
1
the tangent line through (£,0).isgivenby y-0=| ——— |(x- %) ie.
T

1_2

|
y=| = &%)
2

B6 [5 marks] Find all values of x in the interval [0,x] that satisfy the equation
sec?(x) = 4.

ANSwer: sec(x) = 4 = cos?(x) = 1/4
= cos(x) = £1/2
= fortherange 0 < x < # one musthave x = #/3 orx = 21/3



